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Abstract 

We revisit the (untwisted) superfield approach to one-dimensional multi-particle systems with JV"=4 
superconformal invariance. The requirement of a standard (flat) bosonic kinetic energy implies the 
existence of inertial (super-)coordinates, which is nontrivial beyond three particles. We formulate the 
corresponding integrability conditions, whose solution directly yields the superpotential, the two pre- 
potentials and the bosonic potential. The structure equations for the two prepotentials, including the 
WDVV equation, follow automatically. The general solution for translation-invariant three-particle 
models is presented and illustrated with examples. For the four-particle case, we take advantage 
of known WDVV solutions to construct a D3 and a B3 model, thus overcoming a previously-found 
barrier regarding the bosonic potential. The general solution and classification remain a challenge. 



1 Introduction and Summary 



Although conformal multi-particle quantum mechanics (in one space dimension) is a subject with a long 
and rich history, its 7V=4 superconformal extension has been achieved only recently [1, 2, 3, 4, 5, 6, 7, 8]. 
Enlarging the conformal algebra su(l, 1) to su(l,l|2) (with central charge) imposes severe constraints 
on the particle interactions, which are not easily solved. Firstly, there is a nonzero prepotential F which 
must obey a quadratic homogeneous differential equation of third order known as the Witten-Dijkgraaf- 
Verlindc-Vcrlindc (WDVV) equation [9, 10]. The general solution to the WDVV equation is unknown, but 
various classes of solutions, based on (deformed) Coxeter root systems, have been found [11, 12, 13, 14, 6]. 
Secondly, a second prepotential U is subject to a linear homogeneous differential equation of second order, 
in a given F background. With the known F solutions, a nonzero U (needed for nonzero central charge) 
has been constructed only for up to three particles, 1 where the WDVV equation on F is still empty. The 
general U solution is known only for the highly symmetric cases based on the dihedral root systems I 2 (j>) , 
where it depends on three parameters [6, 7]. The bosonic potential Vb of the multi-particle system 
is readily computed from U and F. However, beyond three particles, where the WDVV equation is 
effective, the standard logarithmic ansatz for U is insufficient and must be enriched by a suitably chosen 
homogeneous function of degree zero. 

Since supersymmetry relates the two prepotentials F and U to a supcrpotcntial G, a superspace 
approach to these systems should simplify the analysis. This is what we present in the current paper. 
We profit from the fact that Af=4, d=l superspace is well developed [15, 16, 17, 18, 19]. Our goal is 
to construct an Af=4 superconformally invariant one-dimensional system for n bosonic and 4n fermionic 
physical components. Hence we need n copies of an 7V=4 superfield of type (1,4,3), containing 1 physical 
bosonic, 4 fermionic and 3 auxiliary bosonic degrees of freedom. Such a supermultiplet is known for a long 
time [15], and its general action in superfields as well as in components was constructed in [1]. Everything 
in this action depends on a single bosonic function G of the n superfields, namely the superpotential. In 
this paper we investigate the situation where two additional properties hold: 

• the system is superconformally invariant, 

• the bosonic kinetic term is of standard (flat) form in suitable coordinates. 

The first condition can rather easily be satisfied. Contrary to naive expectations, however, the second 
property implies rather intricate constraints on the superpotential (see equation (2.7) below), which are 
not solvable in general. To overcome these problems (at least partially) and to find explicit examples of 
Af—4 n-particle systems with the desired properties, we developed an approach whose main features are 
summarized as follows. 

We start from the most general 7V=4 supersymmetric action for n untwisted (1,4,3) superfields u A {t). 
Imposing our two properties turns out to be equivalent to the existence of 'inertial super-coordinates' y l {t) 
(the n particle locations) together with integrability and homogeneity conditions on our superfields u A 
as functions of the y l . From these conditions we derive the existence and all properties of the two 
prepotentials F(y) and U(y), including the WDVV equation! What is more, an explicit construction 
for U, the third derivatives of F and the superpotential G is found in terms of the quadratic homogeneous 
functions u A (y). Since the homogeneity requirement is easy to fulfil, the only nontrivial task is to solve 
the integrability condition on u A (y) (equation (4.17) or (4.33) below). 

To obtain explicit solutions, the low-dimensional cases of n — 2, 3, 4 are investigated in detail. Here, we 
must distinguish between translation non-invariant irreducible systems and translation invariant reducible 
systems of n particles. Any latter one may be constructed from a former one (with n— 1 'particles') by 
embedding the former into one dimension higher and orthogonally to the center-of-mass coordinate to 
be added. For n=2, we reduce the problem to solving certain ordinary differential equations, which is 
then done for the dihedral systems and for three examples including the A2 Calogero case. Their lift to 
translation-invariant three-particle models is presented very explicitly. For n—3 we encounter a system 
of partial differential equations, which we cannot solve in general. For a known prepotential F, however, 
the problem simplifies somewhat (equation (4.34) below), and we manage to find the explicit form of 
u A (y) for two models based on the D 3 ~ A 3 and B3 root systems. The ensueing prepotentials U and 
bosonic potentials Vb are new in the literature and, for the first time, overcome the n—3 barrier of [6]. 
Finally, we outline how to construct the corresponding translation invariant n=4 models. 

1 morc precisely, translation-invariant irreducible systems of two coupled relative coordinates plus the decoupled center- 
of-mass coordinate 
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2 A/"=4 supersymmetric n-particle systems 

In 7V=4 superspace one may define two sets of 7V=4 supcrficlds with one physical boson among the 
components, namely u A and (f) A , restricted by the constraints 

[D a ,D a ]u A = (a) and (D a D b + D b D a ) <j) A = (6). (2.1) 

These constraints define standard and twisted A/=4 supermultiplcts, respectively [15, 16]. From (2.1a) 
it immediately follows that 

d t D 2 u A = d t D 2 u A = , (2.2) 
where D 2 = D a D a and D 2 = D a D a . Clearly, these equations result in the conditions 

D 2 u A = im A and D 2 u A = -im A , (2.3) 

where m A is an arbitrary set of constants. 

Considering only standard (nontwisted) superfields for the time being, the most general 7V=4 super- 
symmetric action reads 



8d 2 9G(u A ) with A = l,...,n, (2.4) 



where G(u A ) is an arbitrary function of a set of supcrficlds u A subject to (2.3). 

The bosonic part of the action (2.4) has the very simple form (we use the same notation for superfields 
and their leading components) 



S B 



\j A t [G AB d t u A d t u B - G AB m A m B ] (2.5) 



with the evident notation 



q _ 9G Gab = Gab — ^ q e ^ c (o q\ 

du A ' du A du B ' du A du B du c 

This action has firstly been analyzed in [1]. 

We are interested in the subset of actions (2.4) which features superconformal invariance and a flat 
kinetic term for the bosonic variables. The second requirement means that the Ricmann tensor for the 
metric Gab has to vanish. One may check that this condition results in the equations 

G abxG xy Gycd — GacxG xy Gybd = with G XY Gyz = S x z . (2.7) 
It is not clear how to find the solutions to this equation in full generality. 



3 Imposing J\f=4 superconformal symmetry 

In one dimension the most general superconformal group is D(2, 1; a) [20]. Here we restrict our consid- 
eration to the special case of a = — 1, which corresponds to SU(1, 1|2) symmetry. The main reason for 
this is our wish to retain the potential term in (2.5) with nonzero parameters m A . The presence of these 
constants in the defining superfield constraints (2.3) fixes the scale weight of our superfields u A under 
dilatation (the auxiliary components of u A must have zero weight). This reduces the full superconformal 
group D(2,l;a) to SU(1,1|2). 

The superconformal group SU(1, 1|2) has natural realization in 7V=4, d=l superspace [15] via 

st = E-\e a D a E-leJ5 a E , se a = -\b a E , se a = -\D a E , (3.1) 

where the superfunction E(t,6,8) collects all SU(1,1|2) parameters: 

E = f -2i(e6-ee) + e a e b B (ab) +2(d t ee + 8d t e)(06) + ±(89) 2 d?f (3.2) 
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for 

/ = a + bt + ct 2 and e a = e a + trf . (3.3) 

The bosonic parameters a, b, c and -B( a b) correspond to translations, dilatations, conformal boosts and 
rigid SU(2) rotations, while the fermionic parameters e a and rf correspond to Poincare and conformal 
supersymmetries, respectively. 

It is important that by definition the function E obeys the conditions 

D 2 E = D 2 E = [D a ,D a ]E = and d?E = d 2 D a E = d t D ia D b) E = 0. (3.4) 

Keeping in mind the transformation properties of the covariant spinor derivatives D a and D a , 

5D a = -%(D a D b E)D b and 5D a = -±(D a D b E)D b , (3.5) 

one may check that the constraints (2.1) arc invariant under the Af=4 supcrconformal group if the 
supcrfields u A and <p A transform like 

Su A = d t E u A and 8<j) A = , (3.6) 

respectively. Thus, the superfields (f) A are superconformal scalars while the u A are vectors. 

It is our goal to construct superconformally invariant actions for a set of n supermultiplets u A with 
A = 1, . . . ,n. The variation of the general action (2.4) under the superconformal transformations (3.1) 
and (3.6) takes the form 

SS = Jdtd 2 9d 2 9d t E (-G + u A G A ) , (3.7) 
which is nullified by the condition 

u A G A -G = a A u A , (3.8) 

where a a is an arbitrary set of constants. The right-hand side disappears after integration over superspace 
due to the constraints (3.4) and (2.1). 

4 Inertial coordinates 

Since we require the metric Gab(u) to be flat, there must exist inertial coordinates y\ in which the 
flatness (2.7) becomes trivial because the bosonic action takes the form 

S B = Jdt - V B {y)] • (4.1) 

The price for this is a more complicated bosonic potential Vb- Therefore, we can construct models of the 
required type by finding the transformation u A = u A (y) to inertial coordinates, with Jacobian 

uAi = W {y) andinverse ^( u(2/) ) = ( U_1 )V ( 4 - 2 ) 

After transforming to the y-frame, the superconformal transformations (3.6) become nonlinear, 

Sy* = (u-y A u A d t E . (4.3) 

However, the action (4.1) is invariant only when the transformation law is 5y l — ^ y l dtE. This demand 
restricts the variable transformation by 

(u- 1 ) i A u A = \y i -» y l u A = 2u A . (4.4) 

Hence, superconformal invariance requires u A to be a homogeneous quadratic function of the y l . 
A rigid SU(2) rotation brings the constraints (2.1) and (2.3) into the equivalent form 

D 2 u A = 0, D 2 u A = 0, [D a ,D a ]u A = 2m A . (4.5) 
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In the new coordinates, they become 

u A D 2 f + (dm^D'y'Dayi = 0, 



u A D 2 jf + (diU^Day'LPyi = 0, (4.6) 
u A [D a ,D a ]y* + 2(d l u A )D a yW a y^ = 2m A , 



which we rewrite as [2] 



dY - r h ir = o, 

D 2 y l - f\p a y k D a y3 = 0, (4.7) 
[D a ,D a ]y* - 2f kj D a y k D a yj + 2IT = 0, 
after introducing a flat connection and a covariantly constant vector via 

f kj = -(u- 1 d k u) i . = -(u- i y A u A kj and 17* = — (u -1 )'^ m A , (4.8) 
in obvious notation. By construction, the integrability conditions of the system (4.7), 

9[hf m]n = °> ( 4 - 9 ) 
d j U i -f jk U k = Q, (4.10) 

are automatically satisfied. No restriction (besides invertibility) on the matrix (u A ) appears. 

Let us come back to the superfield action (2.4) and consider the superpotential as a function of the 
inertial coordinates, writing again G(y) in place of G(u(y)) in a slight abuse of notation, so that d, 
Gij etc. denote its derivatives with respect to y. After integration over the 8s in (2.4) and using the 
constraints (4.7) we arrive at 

Sb = -\J dt [(Gij + G k f%)d t y l d t yi - d k (G t (u" 1 )^) {u^f B m A m B ] , (4.11) 

which may also be obtained by directly subjecting (2.5) to the change of variables. Comparing with the 
defining property (4.1), we read off that 

Gi i +G k f k ij =-5 ij , (4.12) 

which simplifies the potential term to 2 

V B = \Sij (u- 1 )\ (u- 1 )^ m A m B = \5 tJ U l W . (4.13) 
Differentiating the condition (4.12) with respect to y m we get 

= Gij m + G m hf ij + Gkd m f ij = Gij m — S m hf ij + Gk {pmf ij ~ f Imf ij) • (4-14) 

In view of (4.9), antisymmetrizing in i and m yields 3 

3k[m.f i]j > dmkf ij — frnij firnj fijmi (4-15) 

so that our flat connection is symmetric in all three indices. 

A flat connection as defined in (4.8) can be totally symmetric (after lowering all indices) if and only 
if the inverse Jacobian is integrable, 

^x(u(y)) = (u _1 )*a = : w A,i = d t w A = ^(y), (4.16) 



2 This is the classical bosonic potential. After quantization, it picks up an additional contribution of ^fi 2 fijkfijk- 
3 Since the inertial metric is euclidean, we may freely raise and lower inertial indices. 
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which establishes the existence of a set of superfields wa 'dual' to u A . The wa can be shifted by integration 
constants. It is instructive to rewrite formulae by replacing u^ 1 by w. Beginning with 

A = Sa < — ► w A,i u A = S t3 (4.17) 

and the superconformality condition (4.4), 

0*1*1 = 2*/ — w A ^ A = y, (4-18) 

we introduce the notation p A q A =p-Q and find by repeated differentiation and contraction with y k that 

y k u\ = 2u A — ► y k u A kl = u A and y k w A ,ki = -w A ,i — > y k w A ,k = c A (4.19) 
3wij-u = — 1% = w-Uij — didj(w-u) , (4.20) 
fijk = -Wijk-u = Wij-Uk = —Wi-Ujk = w-Utjk - dtdjdkiw-u) , (4-21) 
with some constants ca- In the last line, indices may be permuted freely. Playing a bit more, one hnds 

Wij-Ukl = Wtj-UmWm-Ukl = Wm-Utj Wkl -U m = WkfUij , (4.22) 

Zdifijk = di(wjk-Ui - Wi-ujk) = Wjki-Ui - Wi-itjki , (4.23) 

proving that 

d[ifk]ii=0 — fi* = d i d i d k F and / [ L/1,=0. (4.24) 

Hence, there exists a prepotential F obeying the WDVV equation. 

The homogeneity relations (4.19) imply that there exists a 'radial coordinate', 

c-u k =y k — > c-u = \y k y k =: \R 2 . (4.25) 

In view of this, it is reasonable to choose 

u 1 = R 2 and w\ — ilni? + uJi — > c\ — \ and ca>i = . (4.26) 

Furthermore, contractions of fijk simplify, 

WA,i fijk = w A ,jk , u A fijk = -u A jk and y l f ljk = -5 jk , (4.27) 

and the vector Ui = SijU^ obeys 

Ui = -w A ,i m A = diU — > U = -w A m A and y l Ui = -c A m A =: -C . (4.28) 

Thus, all the 'structure equations' of [5] are fulfilled precisely by 

didjd k F = fij k and d t U = U % (4.29) 

and the central charge C. 

With the help of the 'dual superfields' wa, one can give a simple expression for the superpotential 
G(y), namely 

G=-u A w A = -\R 2 \nR- R 2 w 1 - u A>1 w A >i ■ (4.30) 

Employing the relations above, it is readily verified that this function indeed obeys (4.12) and thus leads 
to the bosonic action (4.1). In the inertial coordinates, the superconformality condition (3.8) acquires 
the form 

y l G, -2G- 2a A u A = . (4.31) 

The superpotential G given by (4.30) does satisfy this constraint, provided the constants ca and aA are 
related as ca — —2a,A- In view of (4.25), this yields the homogeneity relation 

y l G l -2G+\y l y l = 0. (4.32) 

Incidentally, the prepotential F defined in (4.29) respects just the same homogeneity relation, as is found 
by twice integrating the last equation in (4.27). 
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So, for the construction of M=A supcrconformal mechanics models, in principle one needs to solve 
only two equations, namely (4.17) and (4.18). All other relations and conditions follow from these! The 
homogeneity condition (4.18) is easy to satisfy: the u A must be homogeneous of degree two as functions 
of y. Nontrivial, however, is the integrability condition (4.17). Its derivative may be recast in a different 
form: 

= w ik -Uj + Wi-u jk = -Wj-u ik + Wi-Uj k — ► u [ f u B }- = , (4.33) 

after contracting with two Jacobians. This equation looks deceivingly simple. Contracting it with 
wa,hWb,i we reproduce the total symmetry of fijk — Wi-Uj k and thus the integrability WA,i — diWA- 
If F is known otherwise, e.g. from solving the WDVV equation, it is easier to reconstruct u A or wa 
from (4.27), 

u % + fijk u A k = and WA,ij - fijk WA.k = . (4.34) 

With fij k being totally symmetric, any one of these equations is equivalent to (4.33). Their advantage is 
the linearity, which allows superpositions, as long as we respect (4.25). 
It is also worthwhile to consider wa as a function of the u i , i.e. 

wa = w A {y(u)) — ► d B = w B ,idi and d i = u A i d A - (4.35) 

Then, 

wab = d B w A = w B ,iWA,i = w BA , (4.36) 
and the bosonic potential (4.13) can be rewritten as 

V B = \m-Wi m-Wi — ^m A m B wa B • (4.37) 

Furthermore, we can directly reconfirm (3.8) and discover that 

Gab = -w AB and G A = -w A - \c A — ► w A = -Oa(G + \c-u) = -d A {G + ju 1 ) . (4.38) 

We note that, since wa is only determined up to a constant, a linear function of u A may be added to G, 
e.g. to achieve wa = —3aG. As expected, the superpotential G(y) determines both U and fijk, 

U = m A d A G and G tJ + G k f% = -d tJ , (4.39) 

albeit rather indirectly. 



5 Two-dimensional systems 

In the simplest situation of n—2, all equations can be solved in principle. Indeed, the integrability 
condition (4.33) then merely implies that u 1 and u 2 are homogeneous quadratic functions of y 1 and y 2 . 
So - moving the inertial index down for notational simplicity - let us take 



u 1 = y{ + y\ =■ R 2 and u 2 = R 2 h(ip) with tanip = ^ . (5.1) 



With 



2»i 2y 2 



= (5-2) 
I 2 yi h-y 2 h' 2y 2 h + yi ti 



the condition (4.33) is identically satisfied. Inversion of this matrix produces 

u -i = JW + WU WW = ■ . (53) 

\ V2 yih yi \ I v ' 

and we read off that 

Wi — \ In R + w 1 (<p) and w 2 — w 2 (ip) with w[ = —-g- and w' 2 = jp- ■ (5.4) 
This yields the superpotential 

G = -\R 2 \nR- R 2 g{ip) with g = w 1 +hw 2 — > g' = h'w 2 = ^ . (5.5) 
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Let us make a matching ansatz for the WDVV prepotential 

1 

' 2 



F = -\R 2 \nR- R 2 f{tp) . (5.6) 



Then, from didjduF — —Wi-ujk we learn that 

r + 4/' = £ = -f = -^i — (5.7) 
and the bosonic potential reads 

Vb = (^f + C-^n^) 2 with C=|m 1 . (5.8) 

5.1 Dihedral systems 

A highly symmetric class of models is based on the dihedral root systems I 2 (p) for peN, 

a ■ y = cos(fc7r/p) yi + sin(kn/p) y 2 for k = 0, 1, . . . ,p— 1 . (5.9) 
The WDVV prepotential for these systems was found to be [6] 

F = -\f R R 2 \nR - y p (a-y) 2 ln\a-y\ with f R + § f p = 1 , (5.10) 

which corresponds to 

P-i 

/(*>) = |/ P E cos2 (^-T) h|cos(¥>-^)| • (5.11) 

fc=0 

Differentiating, we obtain (modulo irrelevant integration constants) 

p-i 

ln/i' = /" + 4/ = |/ p + / p ^ln|cos(^-^)| — > /i' a [sin( W +p§ )] /p (5.12) 

fc=0 

and thus 

= ho cos(pp+pf) 2^1(5,^,3, cos 2 (p^+pf)) . (5.13) 

This result simplifies for 

• f P = +1 = /j(<£) = /lo cos(p<£+pf ) • / p = -1 : h(y?) = ho hitan(p<£+pf ) 

• f p = -2 : h(<p) = h cot(p<p+pf ) • /p = : h(y?) = fto V 

for which and G are readily computed. With impunity the roots may be rotated by a common angle 5, 
which corresponds to ip — > (^—(5 in all equations. We provide three simple examples. 

5.2 First example 

An easy choice is 

h(ip) = sin 2ip <-> u 2 ~2yiy 2 so that u 1 ±u 2 = (yi±j/2) 2 , (5-14) 



which leads to 



Wl,l w 2 ,i 



-1 _ i(vl-vl) Hvl-vl) 

~ I p yi I — 1 

\ 2(v'i-v'i) 2(v'i-vi) ) \ 101,2 W2,2 



(5.15) 



This integrates to 

- iln| yi +y 2 | ± iln| yi -y 2 | - § In \u 1 +u 2 \ ± | In \v}-u 2 \ (5.16) 

with the upper (lower) sign corresponding to A=l (A=2), and further yields the superpotential 

G = — \{v}W) In l^+u 2 ! - K^-u 2 ) In ^-^l ^ 

= - i(?yi+2/2) 2 hi|yi+2/ 2 | - i(2/i-y2) 2 ln|yi-y 2 | = F 

as well as (ci,c 2 ) — (1,0). It is obvious that G — —u a wa- Depending on the value of (m 1 ,?™ 2 ), the 
bosonic potential is a linear combination of (yi+y 2 )~ 2 and (x/i — 2/2 )~ 2 - We recognize the roots of D 2 here. 
A rotation by 5=j produces the (decoupled) I 2 {2) = A\®A\ system with h = cos2<p as well as / p =l 
and f R =0. The decoupling of the center of mass u 1 +u 2 = (yi+y 2 ) 2 renders this example a bit trivial. 
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5.3 Second example 

For a more complicated case, consider 



h{ip) = y sin V + cos 4 93 <-> u 2 = ^yf + y 2 l sothat (u 1 ) 2 - (u 2 ) 2 = 2y 2 y 2 . (5.18) 
The matrix u~ x may easily be found to be 



vZ Vvf+vt 

„-i - I 2yi(y'i-y'i) ^yi( v'i-y'i) I f j 1 

" 1 4 y^M 1 1 1 ' ( j 



If 1,1 102,1 
tfl 2 W2,2 



which can be integrated to 

wi = \hiyl + \lnyl - \ln\yl-yj\ , 

w 2 = - i In y\ - \ In y\ + \ In (y 2 + yftf +vt ) + \ In (yZ+y/yt+yt ) (5.20) 



+ 273 ln l y i" y 2l - 573 ^ (yl+yl+^yf+y. 
It is amusing to check that indeed 

A — i„, (f& „., \ „.A 



(diW A )u =\yi , (d 2 j w A )u =-\5ij and = — ioa - \ca , (5.21) 



y B ~ 72 + 72 + - — + 7-T-77 • (5-22) 



as it must be by construction. The simplest form of the bosonic potential (4.13) occurs for the choice 
(m 1 ,?™ 2 ) = (0, m), namely 

111 1 

v\ vl (2/1 -2/2) 2 (yi+j/2) 2 

We recognize the roots of the ^(4) = BC2 system. This is not surprising, since h = ^ cos Aip + 3 is 
a simple deformation of the dihedral construction. This model is not translation invariant. In fact, the 
only two-dimensional model with this property is our first example above. 

5.4 Third example 

Finally, let us present the standard Calogero example based on the A 2 root system, 

h(<p) = sin 3^ u 2 = 3y ) v ?~ v ? . (5.23) 

It leads to 



2yi , yi V2_s/yf+^ 

-1 I vi 1 9(vi-3y'i) + Hvi+vi) syi^-yj) 



Wl,l 102,1 



u -i _ »i ywi-ws) vm+vt) iyi^vi-vi) = (5 24) 

-?f^f + 6(y?+»2 a ) 3(„?-3„j{) / \ Wl < 2 W2 < 2 

which produces 

toi = |ln yi {yi-V3y 2 ){yi+V3y 2 ) +|lnii = ^ ln |u 1 +w 2 | + ln lu 1 -^ 2 ! + ^ ln ju 1 ! 



-2 = iln yi ^-^:. aBK ^ 1 , + r ) = ^ln|u 1 W|-^hik/-u 2 | 



(yi+\/3s/ 2 )(yi-v / 3i/2)(t/2+-R) 



(5.25) 



18 1 1 18 

and the superpotcntial 

G= ±(u 1 W)ln\u 1 W\ + ±(u 1 -u 2 )ln\u 1 -u 2 \ + Ji E u 1 lii\u 1 \. (5.26) 

For the bosonic potential Vb, please proceed to the following section. 
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6 Embedding into three dimensions 



The generic two-dimensional system is irreducible and thus not translation invariant. To generate 
translation-invariant models, we may take the inertial y coordinates as relative coordinates in a three- 
particle system, whose absolute coordinates (x 1 , x 2 , x 3 ) comprise the center-of-mass combination 

u° = (x 1 +x 2 +x 3 ) 2 while u 1 =u 1 (x ltu ), u 2 = u\x" v ) with xT := x»-x v (6.1) 

live in the 'relative-motion plane' orthogonal to the center-of-mass motion. Our notation reflects the 
3 = 1+2 split of this reducible system. To find the relation between the 3d coordinates x^ and the 
2d coordinates y l , we have to formulate the embedding map [6], 

/J_ L o \ 

j,* = with (m*„) = rf 2 A- ( 6 - 2 ) 

\\/6 \/6 V6/ 

Here, the matrix M effects a partial isometry, 

MM T = 1 2 and M T M = P = ± (-1 \ Z \) , (6.3) 

where P is the projection onto the relative-motion plane. By a slight abuse of notation, we write 
u A (y=Mx) = u A {x) and embed (5.1), 

u\x) = x T Px = §{(a; 12 ) 2 + (x 23 ) 2 + (x 31 ) 2 } =: R 2 , 

12 3 12 ( 6 - 4 ) 

u 2 (x) = R 2 h(tp) with sin y = x + ^ 2x and cos ip = g-^=| . 

This will automatically take care of the integrability condition (4.33). Permutations of the x M are gen- 
erated by the reflection <p t— ► 7r— p and a ^ rotation in the relative-motion plane [6]. Therefore, if we 
want to describe a system of three identical particles, the function h((p) better be invariant under these 
actions, for instance by taking 

h(<p) = h(<p)h((p+^)h(<p-%) with h(ir-<p) = h{cp) . (6.5) 
The A2 Calogero model arises from the simple choice h(ip) — — \/~A sin ip, which gives 
h(ip) = -4sin(y>) sm(ip+^-) sin(<£>— 4^) = smjtp — — * ^ '- (6.6) 

[(x 12 ) 2 + (x 13 ) 2 + (x 23 ) 2 ] 2 

and thus 

2 _ V2(x 12 +x 13 ) (x 21 +x 23 ) (x 31 +x 32 ) 

3^{x 12 ) 2 + (x 13 ) 2 + {x 23 ) 2 ' (6 ' 7) 
which also follows directly from (5.23). For this choice we integrate the matrix (w -1 )^ = B^wa to get 

u>o = \ In [a: 1 +rc 2 +x 3 1 = j2 In it , 

W! = ±ln\x 12 x 13 x 23 \ + ±lnR = ^ In \u 1 +u 2 \ + ^ In \u 1 -u 2 \ + ^ In l^i 1 1 , ( 68 ) 



-2 = Jin ^t^f?^"^"^ = ^Inl.Wl-^lnl. 1 -. 



As expected, wi(u) and 102(m) agree with the functions in (5.25). Beyond the center-of-mass term, the 
superpotential then reproduces the result of (5.26) (see also [7]), 

G = ^«°ln|« | + ^(« 1 +u 2 )lii|u 1 +u 2 | + ^(u 1 -« 2 )ln|u 1 -« 2 | + ^ln^l . (6.9) 

The possible potential terms are specified by a choice of the constants m A in the basic constraints on the 
supcrfields (2.3). They completely agree with the results of [6] on the A 2 model. The coupling m° goes 
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with the center of mass. The general bosonic potential for m 1 ^ and m 2 ^ is not very illuminating, 
so we display two special cases: 

Vb\ „ = Mm 2 ) 2 (j^ + t4w + t4^) + tJ^Lt, , (6-10) 



m i =0 - si v ) y^ x \iy (x 23 ) 2 (x 31 ) 2 / {x 1 +x 2 +x 3 ) 2 ' 

i/i = i (Tn i* ( 1 i 1 i M i ^ (ml)2 ^ (m ° )2 

* B L-2_r. 81 v" - / C™12N2 /~23\2 ^ C™31N2 J ' i'^.I 2N2 i C™23\2 i C™31\2 ' 



\m'=0 siy J \(x 12 ) 2 (x 23 ) 2 (x 31 ) 2 J (x 12 ) 2 + (x 23 ) 2 + (x 31 ) 2 (x!+x 2 +x 3 ) 2 ' 

Shifting ip by a constant should produce an equivalent formulation of the Calogero model. For instance, 

.12 „23 „31 



■^/6 x^^ x" t> x^ 

h(<p) = cos3w — ► u 2 = — , . (6.11) 

^/(x 12 ) 2 + (x 13 ) 2 + (x 23 ) 2 



In this case, we find 



w a = i In |x 1 +x 2 +x 3 | = Yjhiw 



i In |(x 13 +x 23 )(x 21 +x 31 )(x 32 +x 12 )| + I InR = ± In l^+u 2 ! + ^ In l^-u 2 ! + 4 In {u 1 



(x 21 +x 23 )(x 12 + V2R)(x 23 + V2R) 
(x 31 +x 32 )(x 12 "" 

and obtain bosonic potentials 



= > ^^"IS^ - ^inl^l-^lnl^l , (6.12) 



^L=0 = ( (,13+^3)2 +^) + 



(x 1 +x 2 +x 3 ) 



2 ' 



- W( m1 ) 2 7TT3 , „2.^2 + C y CUC + 7TT2^2 , 2 /.23N2 I ^3^2 + 



^ (m l)2 ( ^ (m )2 



(6.13) 



m 2 =0 27 V / ^(2,13^23)2 y (z 12 ) 2 + (x 23 ) 2 + (z 31 ) 2 ( a ; 1 +X 2 +X 3 ) 2 



Other translation and permutation invariant models may be constructed by embedding the root 
systems of / 2 (3</) into three dimensions [6]. The next higher case is q = 2, i.e. the G 2 model, which is 
also obtained by combining the cases (6.6) and (6.11). The freedom of rescaling the short roots versus 
the long ones gives us a more general solution, 

F = - i/ s (x 1 -x 2 ) 2 ln|x 1 -x 2 | - 1 ^/ L (x 1 +x 2 -2x 3 ) 2 ln|x 1 +x 2 -2x 3 | + cyclic 

(6.14) 

- \f R R 2 \nR - i(x 1 +x 2 +x 3 ) 2 ln|x 1 +x 2 +x 3 | with |/ s + |/ L + f R = 1 . 
The corresponding u A are determined by (6.4), with 

K<p) = h a [cosZp\ 1+h 2 Fi( i ^, i ^,^,cos 2 (3^) . (6.15) 

For /l = 1 or /s = 1, this simplifies to h = ho [cos 3^] 1+ ^ s or h = ho [sin 3ip] 1+ ^ L , respectively. The 
'radial term' proportional to R 2 lni? may be eliminated in F by taking fn=0 whence /l+/s = §• Thus, 

(/l,/s) = (1,-|) — > M^) = cos 2 / 3 (3^) , 

(6.16) 

(/l,/s) = K,1) — %>) = sin 2 / 3 (3^) . 
These cases and the corresponding bosonic potential were already featured in [5]. 



7 Irreducible three-dimensional systems 

For irreducible systems beyond two dimensions, it is much more difficult to solve the integrability condition 
(4.17) or (4.33). We again lower the inertial index and generalize (5.1) to 

u 1 = vl + vl +2/3 =: R 2 and u 2 = R 2 h{$, ip) , u 3 = R 2 ip) , (7.1) 

where d and <p are the two polar angles (declination and ascension) of the two-sphere, 

j/i = R sinz9 cos ip , y 2 — R sa\d sinip , y 3 = R cosi) . (7.2) 
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The matrix (u^) is straightforwardly inverted. Equating it to (wA,i) T we discover that 

wi = \ In R + w\ (i?, <p) and w 2 = 1112(1}, (p) , w 3 = 103(1?, with (7.3) 

(7.4) 

1 a 777 _ h^k-h fc tf 1 o fcg 1 o 

S??^* 1 h#k v -h v k0 ' sin 2 # ^2 h^k v -h v k^ ' sin 2 °V ^ h^k v -h v k^ ' 

from which one learns that 

dtfWi + hdtf'W2 + k dt)W3 — and d v w\ + hd v W2 + kd v w 3 — 0. (7-5) 
The corresponding superpotential reads 

G = -\R 2 hiR -!?])($, tp) with £ = TiJi + h w 2 + k w 3 , (7.6) 

leading to 

g# = h#w 2 + k#w 3 and g v = h v w 2 + k v w 3 . (7.7) 

Similarly, the analogous ansatz for F can be related to these functions, and Vb may be expressed through 
them as well, with C = \m 1 . 

In contrast to the n=2 case, the above equations do not admit solutions for an arbitrary choice of 
/i(i?, and fc(i?, ip). In fact, it seems quite nontrivial to find an admissible pair (h,k) at all. This is 
related to the appearance of the WDVV equations. For completeness, we also display the integrability 
condition (4.33) for our ansatz (7.1), 

(k v h vv - h v k w ) + (ktfh^ - h#k# v ) sin 2 i? = (k^h v - h^k v ) sin2t? , 

(7-8) 

{k v h v . g - h v k v #) + (k#h## - h#k##) sin i? = . 
7.1 D 3 solution 

Since some solutions for the prepotential F, based on Coxeter root systems [11, 12], are known, we might 
as well take advantage of them and employ (4.34) to identify the inertial coordinates and superpotential 
for such cases. Most important is the A 3 case, as it generalizes the four-particle Calogero model. We use 
the D 3 parametrization of the roots and allow for a 'radial term' in the WDVV prepotential 

F = -i/L^te-yjO'lnl^-^l-i/L^te+^O'lnl^+^l-i/K^lni? (7.9) 

i<j i<j 

with i, j — 1, 2, 3 and the restriction 4/l+/a = 1. For the special value (/l, Jr) = (— \, 2) we discovered 
the solution 



U 1 = R\ u 2 = R 2 I(^), u* = R 2 I(%) with r 2 = Vl + yjyt-y* , (7.10) 

where I(x) = ;yj=jf denotes an incomplete elliptical integral of the first kind. The inverse Jacobian 
yields 





-vl) 


V Viri- 






-vl) 


V yi r i- 





{y 2 2 +yl)\[y 



2_„2 _ („,2 , „,2\ /„,2_„,2 



W2,2 = ^ \l y'ri-v^ [ ym\/y't-y'i - [yi+yDxIvl-yl 



W2, 3 = r -^\j^ik [v^yl-vl + y^yl-yl 

W3A = \/ 2 ^ ir i _y2r 2) ( r i r 2Vi - 3 r fyiV2 - r 2 2 {y 2 2+yl) + 2y 2 {yl+yl)j , 

w 3 ,2 = \] 2{ yi r 2 ~y2rl) {r\r\ V 2 + r\{y\-2y\+yl) + r 2 2 y iy2 - 2y 1 yf) , 

T2 

rlR 4 



(7.11) 



W3,3 



' 1 ^(yir 2 -y 2 rl) (-r 2 r 2 (y 2 +y 2 ) + r 2 y 2 (2y 2 +2y 2 2 -y 2 ) + r 2 2 y iy 2 3 - 2 yi y 2 yl 
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and wi t i in terms of elliptic integrals, which gives us U and the bosonic potential 
2 



V B = - 



{R 2 f 



((m 2 ) 2 +(m 3 ) 2 ) yi (yl-yl)i + y 2 (y?-y 3 2 )* 



+ V2 



m m 



2/3 



\jrl+r 2 2 r 2 (r 2 -2y 2 ) 1 



/ y| + r|(r 2 -2y 2 ) | 



(7.12) 



> + m 1 -terms . 



It is regular except for R — > 0. 

To pass to the ^3 parametrization 2:2,23), one has to apply the orthogonal transformation 



Oij Zj 



so that the six positive roots become 



with 



V3 1 -V2 
V3 1 -V2 
-2 --v/5 



V6 



V6 



- V / 3zi+3z2 
/6 



>/6 



■y/3;Zl— 22— 2\Z2z 3 

V6 



- \/Zz\ — 22 — 2V223 
V6 



(7.13) 



(7.14) 



7.2 i? 3 solution 

Surprisingly, a simpler solution arises for the B 3 root system, with the WDVV prepotential 
F = -l/sE ln 1^1 ~ ifo^iVi-yjf In \Vi-Vj\ - \h J2(y l +y 3 ) 2 In \Vi+yj\ 



i<j 



i<j 



(7.15) 



lacking a radial term. The weights are constrained by fs + 4/l = 1. For (/s, /l) = (5, —1) we found the 
inertial coordinates 



yf 



y% 



y% 



{y\-yl)h)\-yl) ' 

which yield the dual coordinates 



{yl-yi){yl-yl) 



2\ ' 



{yi-yl){yi-yi) 



2\ ' 



(7.16) 



Wl = |ln| yi | + ^p-^| , W2 = § In life, gy2 24y| , - 2 ", M | , 8yi 2Ayl 



2,2 22 _ 2,2 22 

Vs+Vl V3Vl ... _ 1 L, I I 1/1+1/2 i/li/2 

o/TTT^ i w 3 — 9 m 2/3 +-5-3 



• (7-17) 



Note that this solution is outside the ansatz (7.1) and somewhat peculiar since wa contains rational 
parts but features logarithms of the short roots only. Moreover, it is invariant under permutations of 
the yi but of course not translation invariant. No coordinate is distinguished as radial, but we have 
u 1 +u 2 +u 3 = 2/1+2/2+2/3 — R 2 - Due to ca = 1/2, the central charge becomes C = i(m 1 +m 2 +m 3 ). We 
read off the second prepotential 

U 



1™1 
'2 



fit) + cyclic 



(7.18) 



thus obtaining the specific homogeneous function needed to overcome the n=3 barrier of [6]. It displays 
the expected singular behavior U ~ |2/i| 1_ ^ s for j/i — > and has couplings only for the short roots. The 
rational parts of wa drop out in the supcrpotcntial 



G 



Vt In 1 2/1 1 



2/ 2 m M 



2/3 ln l2/3l 



2(2/ 2 -2/ 2 2 )(2/3 2 -2/?) i{yi-yi){yi-yl) m-vlm-v£) 

= -^M 1 ln \yi(u)\ - \u 2 ln \y 2 (u)\ - \u 3 In \y 3 (u)\ , 
but we could not invert (7.16) to obtain yi(u). Finally, one may compute the bosonic potential 



(7.19) 



V B 



1 

288 



2 2 2,2 
V 2 _ g Vl +V2 



V3, 



1 2 



cyclic 



(7.20) 



which features poles (up to tenth order) for the short roots only. Deviating from the above special values 
of (/l, fs) destroys the simplicity of this solution. 
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8 Embedding into four dimensions 



We may try to produce a translation-invariant four-particle model by repeating the previous story one 
dimension higher. To this end, we employ the embedding 



y* = M\x» with {M\) 





i 

V2 





\ 


1 


1 


2 





V6 


V6 


V6 


1 

\7T2 


1 

VV2 


1 

VT2 


3 



(8.1) 



where the partial isometry M maps onto the relative-motion space due to 

/ 3 -1 -1 -1\ 

MM T = 1 3 and M T M = P = \ [~_\ _\ ~\ z\) • (8.2) 

V-l -1 -1 3/ 

For embedding our D3 solution as an A3 model, we must apply the map M to the z 1 coordinates, i.e. 

y* = (OM)>" with ((OM)*,,) = h(z\l\ Z \ \) ■ ( 8 - 3 ) 

Together with the center of mass y° = ^(x 1 +x 2 +x 3 +x 4 ), this is the triality map relating D4 vectors to 
spinors. The center-of-mass degree of freedom is decoupled, 

u° = (x 1 +x 2 +x 3 +x 4 ) 2 — > w = \\n\x 1 +x 2 +x 3 +x A \ = ^lnit . (8.4) 

For the relative motion, our ansatz (7.1) extends to 

u 1 = R 2 , u 2 = R 2 h($,<f) , u 3 = R 2 k(tf,(p) 

with R 2 = j^2(x 11 ) 2 and (y 1 , y 2 , y 3 ) = R (sin $ cos ip , sin $ sin ip , cos 1?) . 

i<j 

Models of identical particles require invariance under permutations of the x l coordinates. The per- 
mutation group £4 acts on the two-sphere (•&, ip) as the Weyl group of A3, i.e. by permuting the corners 
of a regular tetrahedron by via ^ rotations and reflections. Therefore, a permutation-invariant solution 
requires h and k to be S4 invariant functions. Such functions are generated by taking some function 
h^^p) and forming a symmetric combination from its pullbacks (h o tt) (1?, <p) along the S4 orbit. The 
simplest option just averages (8.5) over its £4 orbit. This is admissible due to the linearity of (4.34) (as- 
suming a permutation symmetric F is given), but may result in a degenerate solution. In this way, our D 3 
solution (7.10), after embedding into four dimensions via y=OMx and averaging over S4 permutations, 
may yield a totally symmetric four-particle system after all, although we have not checked this. 

Another four-particle model is created by subjecting our £> 3 solution to the embedding (8.1), Clearly, 
the corresponding four-dimensional superpotential G{x) and bosonic potential Vb(x) are not invariant 
under permutations of the x l . This is hardly surprising, since this system started out being only S3 
symmetric, and so an £4 average of the above solution is not consistent with the WDVV solution (7.15). 

In order to produce a genuine four-particle 7V=4 Calogero system, one has to find a solution which 
combines the features of our D 3 and B 3 systems above, namely for 

(f s ,h,f R ) - (o,i,o) — f = -\Y,{y i -y j f^\y i -y j \-\^y i+ y j ) 2ln \y i+ y i \ ■ ( 8 - 6 ) 

i<j i<j 

We know [6] that U (and therefore some wa) behaves as \a-y\ 1 ~ ic " a ' a when crossing the wall a-y=0 for 
any root a, thus no logarithms should occur in 

U(y) - (y i TV i ) 1/2 for y l -» ±y J hence U(x) - (x 1 -^) 1 / 2 for x l -» x 1 . (8.7) 

It remains a challenge to construct the superpotential G and prepotential U belonging to (8.6). 



13 



Acknowledgements 



We are indebted to Anton Galajinsky and Anton Sutulin for collaboration at an early stage of this project. 
S.K. is grateful to A. P. Isaev for discussions. K.P. thanks the ITP at Leibniz Universitat Hannover for 
hospitality and the DA AD and the Dynasty Foundation for support. 

This work was partially supported by INTAS under contract 05-7928, by an RF Presidential grant NS- 
2553.2008.2 as well as by the grants RFBR-08-02-90490-Ukr, 06-02-16684, 06-01-00627-a, and DFG 436 
Rus 113/669/03. 



References 

[1] E.E. Donets, A. Pashncv, J. Juan Rosales, M.M. Tsulaia, 
Phys. Rev. D61 (2000) 043512, arXiv:hep-th/9907224. 

[2] N. Wyllard, J. Math. Phys. 41 (2000) 2826, arXiv:hep-th/9910160. 

[3] S. Bellucci, A. Galajinsky, S. Krivonos, 

Phys. Rev. D 68 (2003) 064010, arXiv:hep-th/0304087. 

[4] S. Bellucci, A. Galajinsky, E. Latini, 

Phys. Rev. D 71 (2005) 044023, arXiv:hep-th/0411232. 

[5] A. Galajinsky, O. Lcchtcnfcld, K. Polovnikov, 

JHEP 0711 (2007) 008, arXiv: 0708. 1075 [hep-th] . 

[6] A. Galajinsky, O. Lechtenfeld, K. Polovnikov, 

N=4 mechanics, WDVV equations and roots, arXiv : 0802 . 4386 [hep-th] . 

[7] S. Bellucci, S. Krivonos, A. Sutulin, Nucl. Phys. B 805 (2008) 24, arXiv: 0805. 3480 [hep-th]. 

[8] S. Fedoruk, E. Ivanov, O. Lechtenfeld, 

Supersymmetric Calogero models by gauging, arXiv : 0812 . 4276 [hep-th] . 

[9] E. Witten, Nucl. Phys. B 340 (1990) 281. 

[10] R. Dijkgraaf, H. Vcrlinde, E. Verlinde, Nucl. Phys. B 352 (1991) 59. 

[11] R. Martini, P.K.H. Gragert, J. Nonlin. Math. Phys. 6 (1999) 1, arXiv:hep-th/9901166. 

[12] A.P. Vesclov, Phys. Lett. A 261 (1999) 297, arXiv:hep-th/9902142. 

[13] O.A. Chalykh, A.P. Veselov, Phys. Lett. A 285 (2001) 339, arXiv:math-ph/0105003. 

[14] M.V. Feigin, A.P. Veselov, Adv. Math. 212 (2007) 143 [math-ph/0512095]; 
On the geometry of V -systems, arXiv : 0710 . 5729 [math-ph] . 

[15] E. Ivanov, S. Krivonos, V. Leviant, J. Phys. A22 (1989) 4201. 

[16] E. Ivanov, S. Krivonos, O. Lechtenfeld, 

Class. Quantum Grav. 21 (2004) 1031-1050, arXiv:hep-th/0310299. 

[17] F. Delduc, E. Ivanov, Nucl. Phys. B770 (2007) 179, arXiv:hep-th/0611247. 

[18] E. Ivanov, O. Lechtenfeld, JHEP 0803 (2003) 073, arXiv:hep-th/0307111. 

[19] S. Bellucci, S. Krivonos, Lect. Notes in Phys. 698 (2006) 49, arXiv:hep-th/0602199. 

[20] L. Frappat, P. Sorba, A.Sciarrino, Dictionary on Lie superalgebras, arXiv:hep-th/9607161; 
A. Van Proeyen, Tools for supersymmetry, arXiv:hep-th/9910030. 



14 



